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In this note we shall develop several recurrences involving the partition 
function p(n), which for a given natural number IZ denotes the number of 
unrestricted partitions of n. We shall also have need of the function 
q(n), which denotes the number of partitions of IZ into distinct parts. By 
convention p(O) = q(0) = 1. We are now prepared to state our results. 
THEOREM 1. For each non-negative integer I, 
(1) dw = P(Z) + c {PU - W4k - 1)) + P(Z - k(4k + l))), 
k=l 
(2) q(2Z + 1) = 1 Ml - k(4k + 3)) + p(Z - 1 - k(4Zc + 5))), 
k=O 
where the summation is extended over all vahles of the indices which yield 
non-negative integral arguments of p. 
THEOREM 2. For each non-negative integer n, 
(3) z. (- l)k(k+l)P . p(2n - W + 1)/2) = q(n) 
and 
(4) ,Fa (- l)k(k+1)/2 * p(2n + 1 - k(k + 1)/2) = 0, 
where the summation convention is the same here as above. 
Our proofs will make heavy use of the following identity of Gauss 
[l, p. 2841: 
(5) 
r-E=1 (1 - x2n) 
n:cl (1 - x2”-‘> 
= F. p(“+lv, 
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as well as the result of having replaced x by --x in (5): 
(6) nL (l - x21L) = c (-X)nm+l)/z~ 
I-L, (1 + x2”-1) n=O 
The proofs will also require the definitions of three additional functions 
p’(n), p”(n), and p,“(n), denoting, respectively, the number of partitions of 
a natural number n into odd, even, and distinct even parts. Again, the 
generating functions for each of these sequences require that they assume 
the value one at zero. In the following lemma we collect all of the prop- 
erties of these functions which will be needed in the proofs of Theorems 1 
and 2. 
LEMMA. For each non-negative integer n, 
(9 p’(n) = 4(n), 
(ii) p”(2n + 1) = 0, p”(2n) = p(n), 
(iii) p32n + 1) = 0, p,“(2n) = q(n). 
For the proof of (i) see [l, p. 2771. The proofs of (ii) and (iii) are similar, 
and by way of example we prove (iii). Clearly pi(2n + 1) = 0, since no 
collection of even integers can sum to an odd integer. For any n-tuple 
(A , j2 ,..., j,), having coordinates in (0, I}, 2j, + 4j, + *a- + (2n) j, = 2n 
iffj, + 2j, + *a. + nj, = n, and this proves the second statement of (iii). 
Proof of Theorem 1. Divide both sides of (5) by nlZI (1 - x~~), and 
first observe that the left side of the resulting equation is x$(n) . a? = 
C q(n) . xn. The resulting right side is: 
1 $yn) . Xn c Xn(n+l)/2 
= Zap(*) . yn 2 p(n+l)P 
n=0 
where the inner sum is extended over all values of k for which 
n/2 - k(k + 1)/4 E Z+ u(O}. Hence, 
4(n) = kzop (5 - k(k 4’ ‘) ), 
and by distinguishing cases (i) it = 21 and (ii) n = 21f 1, we obtain (1) 
and (2). 
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Proof of Theorem 2. Since 1 - xzn = (1 - x”)(l + P), equation (6) 
is equivalent to 
(6’) 
Hence 
5 (1 - x”) . fj (1 + X29 = 5 (-X)n(*+l)P, 
n=l Tl=l n=O 
z. 4(n) . x2n = i.p;(n) * x” 
= iop(n) . xn f (-X)"(n+1)/2. 
?L=O 
Expanding the last product we find the coefficient of x”(m = 0, l,...) 
to be: 
z. (-l)k(k+1)/2 * Pb - Nk + W). 
Distinguishing cases (i) m = 2n and (ii) m = 2n + 1, we thus obtain (3) 
and (4). 
REMARKS. It is of interest to compare the recurrences (3) and (4) 
with the classical recurrence of Euler: 
p(m) + C (-l)“{ p(m - k(3k - 1)/2) + p(m - k(3k + 1)/Z)} = 0. 
k==l 
As observed in [l, p. 2861, the left side of Euler’s identity contains about 
2 %‘(2/3)m terms. Now, if m is odd, the left side of (4) contains about 
2/%terms. So, for odd m equation (4) allows us to recursively compute 
p(m) more economically than does Euler’s identity. But&as, for even m 
we can make no such claim. For we need about qmj2 of the terms 
p(O), p(l),...,p([m/4]) to compute q(m/2). And then the left side of (3) 
involves about 4% terms. However, should one wish to compute 
simultaneously a list of values of p(n) and q(n), it may well be that Theo- 
rems 1 and 2 provide the most economical method of so doing. 
REFERENCE 
1. G. H. HARDY AND E. M. WRIGHT, “An Introduction to the Theory of Numbers,” 
3rd ed., Oxford, Clarendon Press, 1954. 
58=+4/I-9 
